We use He + irradiation to tune the nonlinearity, N , of all-perpendicular spin-torque nanooscillators (STNOs) using the He + fluence-dependent perpendicular magnetic anisotropy (PMA) of the [Co/Ni] free layer. Employing fluences from 6 to 20×10
However, the applicability of these devices has suffered from their low power emission and large linewidth. Nonlinear auto-oscillator theory [16] [17] [18] [19] explains the large linewidth as a result of the strong nonlinearity N , i.e. the dependence of the microwave frequency on its precession amplitude. N can be controlled not only by the measurement conditions [13, [20] [21] [22] [23] [24] , such as the magnitude and direction of the magnetic field, but also by the magnetic properties of the free layer of the STNO, such as the magnetic anisotropy and the effective magnetization [19] . For instance, in an easy-plane free layer, N changes gradually from positive to negative values as the direction of magnetic field rotates from out-of-plane to in-plane [16, 19] . Experimental studies have corroborated [13, 14, 16, 21, [25] [26] [27] this theoretical prediction, as the linewidth shows a minimum when N crosses zero at the critical field angle. This suggests a way to improve the linewidth by selectively reducing the nonlinearity.
Whereas all previous studies aimed at minimizing the nonlinearity have focused only on the effects of the external conditions in single devices, a more general and practical solution should be based on the intrinsic magnetic properties of the device itself. In our work, we therefore study systematically how N is affected by the strength of perpendicular magnetic anisotropy (PMA) H k in a set of nanocontact (NC) STNOs. We show how N can be continuously tuned as H k is controlled by He + irradiation fluence [28] [29] [30] [31] in otherwise identical devices. Most importantly, the linewidth is dramatically improved at moderate H k values, where N → 0. Finally, we show excellent agreement of our experimental results with nonlinear auto-oscillator theory [19] . (3) capping layer, sputtered onto a thermally oxidized 100 mm Si wafer (numbers in parentheses are layer thicknesses in nanometers). The deposited stacks were first patterned into 8 µm × 20 µm mesas using photolithography and ion-milling etching, followed by chemical vapor deposition (CVD) of an insulating 40-nm-thick SiO 2 film. Electron beam lithography and reactive ion etching were used to open nanocontacts (with nominal radius of R NC 35 nm) through the SiO 2 in the center of each mesa. The processed wafer was then cut into different pieces for He + irradiation with the fluence F varied from 6 to 20×10
14 He + /cm 2 [33] . Fabrication was completed with lift-off lithography and deposition of a Cu (500 nm)/Au (100 nm) top electrode in a single run with all irradiated pieces. Our protocol hence en- sures that all other properties, except the He + fluence, are identical from device to device.
We used our custom-built probe station for static and microwave characterization. A direct current I dc was injected into the devices using a Keithley 6221 current source, and the dc voltage was detected using a Keithley 2182 nanovoltmeter. The magnetic field was applied in the plane of the film. The generated microwave signals from the STNO device were decoupled from the dc voltage via a bias-tee, amplified using a low-noise amplifier, and then recorded with a spectrum analyzer [34, 35] .
To accurately determine M eff of the [Co/Ni] free layer, spin-torque ferromagnetic resonance (ST-FMR) [36] [37] [38] [39] [40] measurements were performed on the He + -irradiated STNOs (see details in supplemental materials [41] ). The fluence information and the obtained effective magnetization µ 0 M eff are presented in Table I . The value of M eff (H k ) increases (decreases) as the fluence increases. Here, the NiFe free layer is used as a reference for a larger M eff sample.
In Fig. 1 , we compare the calculated FMR frequency, f FMR , using the measured M eff , with the microwave signals generated from the STNO devices. The inset in Fig. 1 shows a typical power spectral density (PSD) of the microwave signals for a fluence of F = 10×10
14 He + /cm 2 . All PSD spectra are well fitted with a Lorentz function, and the extracted frequency f versus magnetic field is presented in Fig. 1 with different symbols for each different fluence. All data show a quasi-linear dependence on the magnetic field, and the generated microwave frequency f extends to lower values as M eff (H k ) increases (decreases). This behavior is consistent with the calculated value of the FMR frequency f FMR , plotted as dashed lines in Fig. 1 . The overall trends of f FMR are in good agreement with the auto-oscillation f . The difference between the calculated f FMR and the measured auto-oscillation f is a direct measure of the nonlinearity of the magnetization precession [5, 14, 23, 42] , which is discussed in detail below.
We now turn to the current-induced frequency tunability. Figures 2(a)-2(e) show the generated microwave frequency f versus dc current I dc at a fixed magnetic field, µ 0 H = 0.72 T; f linearly depends on the I dc at different We carried out detailed measurements at different magnetic fields to understand further the behavior of df /dI dc . Figure 3(a) shows one example of extracted f versus I dc at different fields, ranging from 0.37 to 1.12 T with a 0.05 T step, for F = 6 × 10 14 He + /cm 2 . All data show clear linear dependencies on I dc . Here we would like to define one numerical relation about the tunability, df /dζ = I th (df /dI dc ), to compare our experimental results directly with theoretical calculation, where ζ = I dc /I th is the dimensionless supercriticality parameter [19] and I th is the threshold current. I th were extracted from plots of inverse power 1/P versus I dc as described in supplemental materials [41] . After obtained all I th and df /dI dc for different M eff , df /dζ are represented as solid dots in Fig. 3(b) . All df /dζ for different M eff show similar behaviors that is inverse proportional to magnetic field. It is noteworthy that the overall df /dζ decreases as M eff (H k ) increases (decreases). It reaches around zero when the µ 0 M eff ≈ 0 for F = 20 × 10 14 He + /cm 2 . The sign of df /dζ for NiFe is even negative. To understand the behavior of tunability versus M eff (H k ) from He + -irradiated STNOs, we considered the nonlinear auto-oscillator theory of A. Slavin and V. Tiberkevich [18, 19, 42, 43] , which was derived from universal auto-oscillation systems and has proved to be consistent with the Landau-Lifshitz-Gilbert-Slonczewski (LLGS) equation [19] . This theory allows us to describe the experimental observation analytically. The auto-oscillation frequency f generated from an STNO is expressed as:
where N is the nonlinearity factor, ζ−1 ζ+Q = P 0 is the normalized power of the stationary precession, and Q is the nonlinear damping coefficient. From Eq. (1), the frequency shift is mainly decided by the nonlinearity N . Taking the derivation of Eq. (1), df /dζ is derived as:
The nonlinear frequency shift coefficient N for STNOs dominates the frequency tunability, and may be positive, zero, or negative, depending on magnetic field direction and magnetic anisotropy of free layer in STNOs.
To explain the experimental observations using this analytical theory, we derive N with our experimental con- ditions. The nonlinearity is expressed as [42] 
We note that Eqs. (3) and (4) are valid for the magnetization of the free layer being aligned to the magnetic field direction. Utilizing Eqs. (3) and (4), we calculate df /dζ (∝ N ), where ζ and Q are used as fitting parameters for all data in Fig. 3(b) , and we find reasonable good agreements with 1.5 for ζ and 3.0 for Q, respectively. All calculated results are shown as the solid lines alongside the experimental results in Fig. 3(b) . It should be noted that the theoretical calculation coincides with experimental results in the overall trend, although there are discrepancies between experiment and theory. One reason for these discrepancies is likely that the theory does not take into account the current-induced Joule heating and Oersted fields that are present in the experiments. In addition, the calculated nonlinearity N can also explain the frequency difference between the calculated f FMR and the generated microwave frequency f in Fig. 1 . Due to the negative value of N (or df /dζ) for NiFe, f is expected to be lower than f FMR , as predicted in Eq. (1) and consistent with our experimental observations in Fig. 1 . This auto-oscillation mode is often characterized as a localized bullet [13, 14, 42] . In contrast, N is positive for easy outof-plane [Co/Ni], so f > f FMR in Fig. 1 [13, 32, 42] . In this case, its mode favors to be a propagating spin-wave [13, 27, 44] . All of these experimental observations confirm the theoretical predictions very well.
Furthermore, according to nonlinear auto-oscillator theory, the linewidth ∆f of the generated microwave signals can be expressed as [19] 
where k B is the Boltzmann constant and T is the temperature. Γ + (P 0 ) and E(P 0 ) are the damping function and time-averaged oscillation energy as a function of the power P 0 , respectively. Γ eff is the effective damping. In Eq.(5), the linewidth ∆f exhibits a quadratic dependence on the nonlinearity N . To compare with our experimental results, we extracted the linewidth from the data in Figs. 2(a)-2(e), as shown in Fig. 4 . The linewidth was indeed dramatically improved by two orders of magnitude as N decreases (as M eff increases), it reaches to a lowest value for µ 0 M eff = 0.03 T where N → 0. ∆f again increases for the NiFe free layer when N becomes moderately negative. The excellent agreement between our experimental results and theory confirms that the linewidth can be minimized intentionally by controlling the nonlinearity in general, and tuning it to zero in particular. When the PMA compensates the demagnetization field, the nonlinearity identically equals zero regardless of the external conditions. We can therefore minimize the linewidth by choosing free layer materials with µ 0 M eff → 0. We hence would emphasize that our study can offers a universal path to solving one of the key issues in utilizing STNOs as microwave generators. As for the generated microwave power-another key drawback of this type of microwave generators-we did not observe an improvement in this study, mainly due to the slightly degradation in magnetoresistance (MR) values [33] . We expect that the power can be dramatically improved using magnetic tunnel junction-based STNOs, whose MR can be over two orders of magnitude greater than that of spin valve-based STNOs. [2, 15] .
In conclusion, we have presented a systematic study of the variation of nonlinearity against PMA in STNOs. By using He + irradiation to continuously tune the PMA of the [Co/Ni] free layer, the nonlinearity N (along with the frequency tunability df /dI dc ) shows a continuous decreasing trend as H k (M eff ) decreases (increases). As a consequence of this decreasing nonlinearity, we have achieved an approximately hundredfold improvement in the linewidth. Our experimental observations are in excellent agreement with nonlinear auto-oscillator theory. This systematic study not only verifies the theoretical prediction, but also offers a route to improving the linewidth, which is of great importance for commercializing microwave generators. 
